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Characterizations of when a local domain (R, M) is quasi-unmixed, unmixed, 
and Macaulav are given in terms of properties of the ideal K = 
(4,X, - b, ,...a d,X, - b,)R(X ,,..., X,,), where b,,b ,,..., b, are a system of 
parameters in R. Then it is shown that R is Macaulay if and only if R is quasi- 
unmixed and there exists a depth one integrally closed ideal of the principal class in 
R(X, 3.1.) A’,). 
Local rings which are quasi-unmixed, unmixed, or Macaulay have played 
important roles in many research problems in commutative algebra and 
algebraic geometry. (Actually, most known examples of local domains are 
quasi-unmixed. The only known exceptions are all closely related to 
M. Nagata’s examples [7, Example 2, pp. 203-2051, or to T. Ogoma’s recent 
example of an integrally closed noncatenary local domain 181.) Thus they 
have been quite deeply studied, so it is known that they have many 
important and useful properties, and quite a few interesting characterizations 
of these types of rings are known. And, because of their prevalence and 
useful properties, it is important to have such characterizations, so a few new 
ones are given in this paper. 
The characterizations given below probably had their inception about 
1972. At that time I got a letter from E. G. Evans, Jr. in which, among other 
things, he mentioned a question I. Kaplansky had asked (probably in an 
algebra class in the late 1960s): is every quasi-unmixed local domain a 
homomorphic image of a Macaulay ring ? If so, this would have given an 
especially nice characterization of such local domains, since the converse 
was known to be true, by [7, (34.10)]. However, by this time the answer was 
already known to be no. (This follows from [3, Proposition 3.31, where it 
was shown that there exist quasi-unmixed local domains which are not 
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unmixed, but a factor domain of a Macaulay ring is unmixed, by 
[7, (34.10)].) Even so, there are many close connections between Macaulay 
local domains and quasi-unmixed local domains, so Kaplansky’s question 
made me wonder if it was possible to give a characterization of Macaulay 
local domains in terms of quasi-unmixedness, omewhat in analogy to 
M. Nagata’s characterization of regular local rings in terms of unmixedness 
and multiplicity [ 7, (40.6)]. This paper has such a characterization, (16) 
and it also contains some closely related characterizations of quasi-unmixed 
and unmixed local domains. 
Before considering the first result, it should be noted that most of the 
results in this paper have fairly straightforward generalizations to Noetherian 
rings. (In this regard, see [2] where some closely related results are 
considered in this more general case.) However, the characterizations are 
more easy to state and seem considerably crisper and nicer in the local 
domain case, so it was decided to restrict attention to this case. 
We begin by recalling the relevant definitions and a couple of useful facts 
concerning them. 
(1) DEFINITION. A local ring (R, M) is quasi-unmixed in case all 
minimal prime divisors of zero in the M-adic completion R* of R have the 
same depth (= co-rank or dimension). R is unmixed if all prime divisors of 
zero in R * have the same depth, and R is Macaulay in case it contains an R- 
sequence of length = altitude R; that is, in case there exist b,, b, ,..., b,, in M 
such that altitude R = n + 1, b, is regular, and (b,, b,,..., b,)R: bi+,R = 
(b,, 6, ,..., b,)R for i = 0, l,..., II - 1. A Noetherian ring A is locally quasi- 
unmixed (resp., unmixed, Mucaulay) in case A, is quasi-unmixed (resp., 
unmixed, Macaulay) for all maximal ideals M in A. 
As already noted, a Macaulay local domain is unmixed and there exist 
quasi-unmixed local domains which are not unmixed, and it is clear that an 
unmixed local domain is quasi-unmixed. Also, it is well known that there 
exist unmixed local domains which are not Macaulay, so these three classes 
of rings are comparable by inclusion and are distinct. Further, a local 
domain is quasi-unmixed if and only if it satisfies the second chain condition 
for prime ideals if and only if it satisfies the altitude formula, by 
[ 12, Theorem 3.11. Moreover, a Noetherian ring A is locally quasi-unmixed 
(resp., unmixed, Macaulay) if and only if A, is quasi-unmixed (resp., 
unmixed, Macaulay) for all prime ideals P in A, by [ 12, Theorem 3.1 and 
Remark 2.6(ii)] (resp., 16, Proposition 6; 7, (25.9)]). Finally, since every 
local domain of altitude at most one is Macaulay (and unmixed and quasi- 
unmixed), we restrict attention to the case of local domains R such that 
altitude R > 2 in everything that follows. 
The characterizations given below are for the most part concerned with 
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properties of the ideal K in the following proposition. Much of (2.1) is 
certainly already known, but I know of no reference that gives this version of 
the result, so its brief proof is included. (For (2.2) and the remainder of this 
paper, if I is an ideal in a ring A, then I, denotes the integral closure of I in 
A, so I, = {x E A;x is a root of a polynomial of the form 
X” + c,x-* + *.* + c,, where ci E Z’}. It is well known that 1, is an ideal 
in A such that Z E Z, z Rad Z.) 
(2) PROPOSITION. Let A be a Noetheriun domain, let b,, b, ,..., b, (h 2 1) 
in A such that height (b,, 6, ,..., b&4 = h + 1. Let B = A[X, ,..., X,], let 
fi = b,X, - bi (i = l,..., h), and let K = (j’, ,..., fh)B. Then the following 
statements hold: 
(2.1) K has a unique minimal prime divisor P, PCk’ = PkB, n B is the 
P-primary component of Kk for all k > 1, B, is a regular local ring of 
altitude h, and f, ,..., fh is a regular system of parameters in B,. 
(2.2) If A is locallly quasi-unmixed, then (Kk)a = PCk’ is P = K,- 
primary for all k > 1. 
Proof: (2. I) Let P be a minimal prime divisor of K, so height P < h, by 
the Generalized Principal Ideal Theorem. Also, Pn A = (0) and height 
P = h. To see this, let p = Pn A and note that b, & p, since otherwise 
bi = boXi - (b,Xi - bi) E P (i = l,..., h). But this implies that height P > 
height (b,, b, ,..., b,)B = h + 1 > height P. Since this does not hold, b, 6S P, so 
with D = A, [X, ,..., X,,], PD is proper and contains Q= 
(PA,,, X, - (b,/b,),..., X,, - (b,/b,))D (=(pAp, K)D). Therefore h > 
height PD > height Q = height pAp + h, so height pAp = 0. Therefore it 
follows that P n A = (0), so A, is the quotient field F of A, that Q = KD, 
and that height P=heightPD = h, so PD= Q= KD. Thus B,= Do= 
FIX, ,...v X,&D (so P is uniquely determined) is a regular local ring of 
altitude h, f, ,..., f,, is a regular system of parameters in B, (since b, is a unit 
in Br), and KB, n B = PD, n B = P; hence KkB, n B = PCk’B, n B = PCk’ 
for all k > 1. 
(2.2) If A is locally quasi-unmixed, then B is, by [ 12, Corollary 3.71, so, 
for all k > 1, (Kk)a h as no imbedded prime divisors, by [ 19, Theorem I]. 
Therefore, since Rad K, = Rad K, it follows from (2.1) that (Kk)o = 
(Kk),BpnB=PkB,nB=P (k) for all k > 1. (For k = 1, this says K, = P.) 
Q.E.D. 
Two corollaries of (2.2) are given in (14) and (15). They will be used in 
the proof of (16), but will not be needed before then, so it was decided to 
delay giving them until just before considering (16). 
In what follows we shall mainly be concerned with a fairly special 
situation, so to avoid continual repetitions we fix the following notation. 
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(3) Notation. (R, M) is a local domain of altitude n + 1 > 1, b,, b, ,..., b, 
(h > 1) is a subset of a system of parameters in R such that 
height(b,, b, ,..., &JR = h + 1, L = RV,,..., x,,) (=R [& ,..., &]m,x ,,..., xhl), 
fi = boXi - bi (i = l,..., h), K = (f, ,..., fJ)L, and P is the unique minimal 
prime divisor of K (see (2.1)). 
The condition “height (b,, b 1 ,..., b,)R = h + 1” in (3) is satisfied for every 
subset b,, b, ,..., b, of a system of parameters in a catenary local domain by 
[ 14, Remark 2.6(ii)], so it holds in particular when R is Macaulay, unmixed, 
or quasi-unmixed. It also holds for all local domain when h = n; that is, 
when b,, 6, ,..., b, is a system of parameters. These facts will be implicitly 
used in many of the results below. 
Our first theorem characterizes a Macaulay local domain in terms of K 
being prime. This result was (essentially) proved by E. D. Davis in [2], and 
it is included here mainly to explicitly state the characterization, since it sets 
the mode for the other characterizations below. (Since the remaining results 
are concerned with quasi-unmixed, unmixed, and Macaulay local domains 
(in this order), it might seem at first glance that (4) should be given between 
(13) and (16). However, it was this result that suggested the other charac- 
terizations, and its statement gives rise to an additional characterization of 
quasi-unmixed and unmixed local domains (see (8) and (12)), so it was 
decided to place it as the first of our characterizations.) 
(4) THEOREM (cf. 12, Proposition 2 and Remark, pp. 203-2041). The 
following statements are equivalent for a local domain (R, M) of altitude 
n+l>l: 
(4.1) R is a Macaulay ring. 
(4.2) For every subset b,, b, ,..., b, (h > 1) of a system of parameters 
in R, K = P (so K is a prime ideal) and Kk is K-primary for all k > 1. 
(4.3) There exists a system of parameters b,, b, ,..., b, in R such that K 
is a prime ideal. 
Proof If (4.1) holds, then K is a prime ideal, by either [ 10, Lemma 2.31 
or (2, Proposition 21, so K = P, the unique minimal prime divisor of K (see 
(2.1)). Also, L is a Macaulay ring, since R is, and K is generated by 
h = height K elements, by (2.1). Therefore K is generated by an L-sequence, 
by [7, (25.6)1; h ence Kk is K-primary for all k > 1, by [23, Lemma 5, 
p. 4011, and so (4.2) holds. 
It is clear that (4.2) * (4.3). 
Finally, K is generated by height K elements, by (2.1) so if (4.3) holds, 
then K is generated by an L-sequence of length n, by (2, Remark, 
pp. 203-2041. Thus L has an L-sequence of length n + 1, since K is a prime 
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ideal of depth one; hence L is a Macaulay ring. But it is well known that this 
implies that R is a Macaulay ring, and so (4.1) holds. Q.E.D. 
It is interesting to note that (4) shows that the converse of a theorem of 
R. Berger does not hold. Specifically, in [ 1 ] it is shown that if (R, M) is an 
analytically irreducible local domain and k is a positive integer, then there 
exists a depth one prime ideal contained in Mk. Now it follows from (4) that 
if (R, M) is a Macaulay local domain and k is a positive integer, then there 
exists a depth one prime ideal Kc (ML)k (namely, choose a system of 
parameters contained in Mk). Therefore let (R, M) be a Macaulay local 
domain which is not analytically irreducible. Then L is a Macaulay local 
domain which is not analytically irreducible, yet every power of ML 
contains a depth one prime ideal, and so the converse of the theorem in [l] 
does not hold. 
The following result is needed to prove a characterization analogous to (4) 
of quasi-unmixed local domains. This result is of some interest in its own 
right, since it gives some information on the prime divisors of large powers 
of certain ideals. (In (5.1), Qn,4 means p-‘(Q), where q is the algebra 
homomorphism of A into B.) 
(5) PROPOSITION. Let A and B be Noetherian rings such that B is a flat 
A-module and let z be a prime divisor of zero in B. Let I be an ideal in A 
and let Q be a minimal prime divisor of (z, I)B. Then the following 
statements hold: 
(5.1) Q n A is a prime divisor of Ik for all large k. 
(5.2) If z is a minimal prime ideal and I$ B,l(Rad Ba) is analytically 
unramified, then Q n A is also a prime divisor of (Ik), for all large k. 
ProoJ By [5, Proposition 91 (or by [16, (5.9.2)] together with 
[5, Corollary 5]), Q is a prime divisor of IkB for all large k. And if z is a 
minimal prime ideal and B,/(Rad BP) is analytically unramified, then it 
follows as in the proof of [9, (5.1)] that Q is also a prime divisor of (Zk),B 
for all large k. Therefore it follows from [ 7, (18.1 l)] that Q n A is a prime 
divisor of Ik (and of (Zk& when the hypothesis of (5.2) holds) for all large k. 
Q.E.D. 
(6) gives two characterizations of when a local domain R is quasi- 
unmixed in terms of properties of K, and an additional characterization, 
suggested by (4.3) + (4.1), is given in (8). (Concerning (6.3) * (6.1), it 
should be noted that this implication gives an affirmative answer to the 
question asked in [ 19, Remark 81.) 
(6) THEOREM. The following statements are equivalent for a local 
domain (R, M) of altitude n + 1 > 1: 
MACAULAY LOCAL DOMAINS 307 
(6.1) R is quasi-unmixed. 
(6.2) For every subset b,, b, ,..., b, (h > 1) of a system of parameters 
in R, K, = P (so K, is a prime ideal) and (Kk), = PCk’ is K,-primary for all 
k> 1. 
(6.3) There exists a system of parameters b,, 6, ,..., b, in R such that 
(Kk)a = PCk’ for all k > 1. 
Proof (6.1)+ (6.2), by (2.2), and it is clear that (6.2) * (6.3). 
Finally, assume (6.3) holds, let z be a minimal prime ideal in the 
completion (R*, M*) of (R, M), and let Lo = R *(X, ,..., X,). Then w = zL” 
is a minimal prime ideal and depth w = depth z, so to prove that R is 
quasi-unmixed it suffices to prove that depth w = n + 1. For this, note that L 
is a dense subspace of Lo, by [ 13, Lemma 3.21, so Lo is a flat L-module. Let 
Q be a minimal prime divisor of (w, K)L’. Then the hypothesis says that 
(Kk)o is K, = P-primary for all k > 1, so it follows from (5.2) that 
Q n L = P (LL/(Rad Li) is analytically unramified, since R * is complete). 
Also, there exists a chain of prime ideals Q = Q, I, Q,- r 2 .+. 2 Q, in Lo, 
where Qi is a minimal prime divisor of (w, Ki)Lo with Ki = (f, ,..., h)L, and 
Q, 3 W, since L is a dense subspace of Lo and f, is regular in L. Therefore, 
since Q = Q, c M*L” (since P c ML), it suffices to show that Qi c Qi+ r for 
i = I,..., n - 1. For this, let Pi = Qi n L, so Pi is a prime divisor of Kf for all 
large k, by (5.1), and Pi c P. Now, by (2.1), L, is a regular local ring and 
K,L, is generated by a subset of a regular system of parameters in L,, so 
KfLp is a primary ideal for all k > 1 and for i = l,..., n. Therefore it follows 
that the Pi are distinct, so the Qi are also distinct; hence depth z = depth w = 
n + 1, and so (6.1) holds. Q.E.D. 
(7) Remark. As noted in (4.3) * (4.2), if K is prime (so R is a 
Macaulay ring), then Kk is K-primary for all k > 1. Thus it seems that 
perhaps (Kk), must be K,-primary when K, is prime. This would mean that 
(6.3) could be changed to be more closely analogous to the statement (4.3). 
However, it is not necessarily true that (Kk), is primary when K, is prime. 
For example, let (R, M) be as in [7, Example 2, pp. 203-205 ] in the case 
m = 0 and r = 1. Then R is a local domain of altitude two such that its 
integral closure R’ is a regular domain and has a height one maximal ideal. 
Also, x2 -x,xz is a system of parameters in R, and K = 
((x2 - x)X, - xz) R(X,) is such that K, is prime (since it is the contraction 
to R(X,) of the prime ideal p = ((x - 1) X, - z) R’(X,); p is prime, since R,: 
is a regular local ring and x - 1, z generate the height two maximal ideal N 
in R ‘). However, there exists a height one maximal ideal in R’, so, for all 
large k, (Kk)a is not K,-primary, by [ 18, Theorem 11. 
However, the following result shows that the hypothesis on (Kk), being 
primary can be deleted when showing (6.2) 3 (6.1). 
401/74/2-2 
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(8) THEOREM. The equivalent statements in (6) are also equivalent to: 
(6.4) For every system of parameters b,, b, ,..., b, in R, K, is a prime 
ideal. 
Proof: It is clear that (6.2) implies (6.4). 
Conversely, assume there exists a minimal prime ideal z in R* such that 
depth z < n + 1. Let n{ qi be a normal primary decomposition of the zero 
ideal in R *, where qi is z,-primary and z, = z, and let x E n: qi, & z. Then it 
is shown in the proof of [ 18, Theorem 1 ] that there exists an integer m > 1 
such that x & (M*m)a. Let Lo = R*(X ,,..., X,), wi = z&O, and q\= qiLo. 
Then 0: q; is a normal primary decomposition of the zero ideal in Lo and 
x E 0: q,f, cf W, U ((M*L’)“),. Let w = w,, so depth w < n + 1. 
Let b,, b, ,..., 6, be a system of parameters in R contained in Mm, so 
Kc (ML)m and KL” c (M*L”)” G ((M*Z,“)“),. Also, since depth w ( 
n + 1, it follows from the last part of the proof of (6) that if Q is a minimal 
prime divisor of (w, K)L’, then QnL=ML, so Q=M*L’, and so 
(w, K)L” is M*L”-primary. Thus, suppose that M*L” is not a prime divisor 
of K,L’. Then if Q is any prime divisor of K,L”, then w @ Q (since 
(w, K,)L’ is M*L’-primary), so x is in the Q-primary component of K,L” 
(since x E Ker(L’ + Li)). Therefore it follows that x E K, Lo E (KL’), s 
((~*L”)“)aT and this is a contradiction. Therefore M*L” is a prime divisor 
of K,L’. Thus, since L is a dense subspace of Lo, ML is a prime divisor of 
K,, by [7, (19.1) and (18.1 l)]. Hence, if (6.4) holds, then R is quasi- 
unmixed. Q.E.D. 
The analogous characterization of unmixed local domains, (1 1), seems to 
be quite a bit more difficult to prove. The only proof I know for (11) 
involves Rees rings, so at this point we pause to give the definition and then 
prove a lemma to help shorten the proof of (11). 
(9) DEFINITION. If Z = (c, ,..., cL)A is a finitely generated ideal in a ring 
A, then the Rees ring S(A,Z) of A with respect o Z is the graded subring 
sP(L4, I) = A [u, tc, )...) tc,] of A [t, u], where t is an indeterminate and u = l/t. 
It should be noted that zPSF(A, I) nA = I”’ for all m > 1, and g(A, I) is 
Noetherian whenever A is. 
(10) LEMMA. Let (R, M) be a local domain of altitude n + 1 > 1, let 
bo,b,,...,b,,, L fi, K, and P be as in (3), and let 9 = 
.1(L, K) = L [u, tf, ,..., tfJ] be the Rees ring of L with respect to K. Then the 
following statements hold: 
(10.1) 9 = (P, u)S is the unique height one prime divisor of u9 and 
/ is the only prime divisor of u9 that lies over P. 
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(10.2) 2Z9 is a discrete valuation ring and 919 z (L/P)[T, ,..., T,] 
(where the Ti are algebraically independent over L/P), so ,a/9 is a 
Macaulay integral domain. 
(10.3) u”.5?, n L = PCk)for all k > 1. 
ProoJ For (10.1) and (10.2), since P is the only minimal prime divisor 
of K, .d is the unique height one prime divisor of u.S? and 21.9 g 
(L/P)[ T, ,***, T,,], by [ 15, Corollary 2.81. Therefore, since depth P = 1, L/P 
and .%?/.Y are Macaulay integral domains. Also, if Q is a prime ideal in 2 
such that u E Q and Q n L = P, then .%?c is a localization of 
.Y‘ = S+?(L,, KL,) = Lp[u, tf ,,..., tf,]. But Y is a regular domain, by 
[22, Theorem 21, since L, is a regular local ring and f, ,..., f,, are a regular 
system of parameters in L, (by (2.1)). Therefore S’c is a regular local ring, 
so Q cannot be an imbedded prime divisor of US. This also shows that :X,, 
is a regular local ring of altitude one, so (10.1) and (10.2) hold. 
(10.3) It follows immediately from (10.1) and the fact that uk.W n L = Kk 
that u~.Z,~~ L is the P-primary component of Kk, and thus 
uk.%’ L7 n L = Ptk) by (2.1). Q.E.D. 
We now give a characterization of when a local domain is unmixed in 
terms of properties of K. 
(I 1) THEOREM. The following statements are equivalent for a local 
domain (R, M) of altitude n + 1 > 1: 
(11.1) R is unmixed. 
(11.2) For every subset b,, b, ,..., b, (h > 1) of a system of parameters 
in R, K, = P (so K, is a prime ideal), (Kk), = Ptk’ is K,-primary for all 
k > 1, and there exists an integer i >, 1 such that (Kitk& G Kk for all k > 1. 
(11.3) There exists a system of parameters b,, b,,..., b, in R and an 
integer i > 1 such that (Ki+k)(l = P(i+k’ s Kk for all k 2 1. 
ProoJ Assume that (11.1) holds. Let b,, b, ,..., b, (h > 1) be a subset of a 
system of parameters in R, and let fi, K, etc., be as in (3). Now R is quasi- 
unmixed, so K, = P is a prime ideal and (Kk), = PCk) is K,-primary for all 
k > 1, by (6.1) * (6.2). Let .R = .R(L, K) = L [u, tfi ,..., tfh] be the Rees ring 
of L with respect to K, and let L&= (ML, u, tf, ,..., tfh)9 be the maximal 
homogeneous ideal in .‘Z. Then, with S?(l) = n {Sp; p is a height one prime 
ideal in ,Z}), a = .R (l) n %?[ l/u] is a finite .W-algebra (by [ 13, Theorem j 
5.17(l) * (3)], since R is unmixed). Therefore there exists an integer i > 1 
such that uitk a G uk.,@ for all k> 1, by [ 13, Lemma 5.15(10)]. 
Now .P = (P, u)S is the only height one prime divisor of z&Z, by (10. l), 
and ukd is the intersection of the height one primary components of ukg, by 
] 13, Lemma 5.15(4)]. Also, there exists a one-to-one correspondence between 
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the height one prime ideals in 9 and in g, by 113, Lemma 5.15(6)], so z?d 
is ySgYn K-primary. Therefore, by (10.3) and as noted in the preceding 
paragraph, (K’+k)a = P(i+k) = d+kB?9nL = (d+k9,nqn.L. = 
(U itkg n .a) n L c ukZ n L = K’. Therefore (11.2) holds. 
It is clear that (11.2) > (11.3). 
Finally, assume that (11.3) holds. Then (Kk), = Pck) for all k > 1, by [ 16, 
Theorem 2.51, so R is quasi-unmixed, by (6.3) * (6.1). Also, the hypothesis 
implies that F =.R”‘n.R[l/ u is a finite .%-algebra, as will now be 1 
shown. 
For this, .P = (P, u).%? is the unique height one prime divisor of u.@, by 
(10.1). Also, as in the second paragraph of the proof of (11.1) * (11.2), ~~8 
is .i”<qp n R-primary, so ukR n .g = UkJP7,r) .‘%? is the height one primary 
component of Us.%?. Let u (k) denote this ideal. Then U(~) fI L = u~~R,~~ L = 
Ptk) = (Kk),, by (10.3) and hypothesis (and [ 16, Theorem 2.51). 
Now it is known that K is a finite S-algebra if and only if there exists an 
integer i> 1 such that u’+‘K n.R G u.R, by [ 17, (3.2.6) and 
(3.4.3) * (3.4.4)] (the hypothesis on altitude two in [ 17, Theorem 3.41 was 
not used in showing (3.4.3) 3 (3.4.4)). Therefore, if there exists i > 1 such 
that uos ‘) c u.3, then a is a finite <g-algebra. To see that this does hold, let 
d be an integer (-co < d < co) and for a homogeneous ideal H in .@ let 
[Hid= {rEKd; rtdEH} (for d<O, Kd=L). 
Then if H and J are homogeneous ideals in %?, then it is clear that H c: J 
if and only if [Hld E [Jld for all d. Therefore, since ucii’) and u,%’ are 
homogeneous ideals, it sufftces to show that there exists i> 1 such that 
IU (it “Id G [z&?]~ for all d. 
For this, let i be as in (11.3) and fix d (-co < d < co). Then r E [uci + ‘)I,, 
if and only if rtd E &+ 1) s ui+ lg- and r E Kd if and only if 
rEu itd+l~nc~nL=u(i+dtll n L = (as noted above) (K’+“+ ‘), and 
r E Kd. Therefore, by hypothesis, r E Kdt ’ n Kd = Kd+‘, and it is readily 
checked that Kd+ ’ = [u.s?]~. Therefore ucit ‘) G US, so K is a finite .X- 
algebra. 
Therefore, qq _ L = 
[ 13, Lemma 5.15(S)]) 
(LZ(‘)),9-~l(n c@[ l/u],-,,= (.‘%‘l)‘” n <SYn[ l/u ] (by 
is a finite ,gxalgebra. Also, cSUH/SYcZ,‘x is a 
localization of the Macaulay domain (L/P)[T, ,..., T,,], by (10.2), so 
SM/,PSM is unmixed. Therefore, since S2J is the unique minimal prime 
divisor of uS?‘~, [ 17, Corollary 6.41 says that ,qs_, is unmixed, and so R is 
unmixed, by [ 13, Corollary 4.9(3) * (l)]. Q.E.D. 
The next theorem stands in the same relation to (11) as (8) does to (6) 
(see (7)). 
(I 2) THEOREM. The equivalent statements in (11) are also equivalent to: 
(11.4) For every system of parameters b,, b, ,.,., b, in R, K, is a prime 
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ideal and there exist such bj and an integer i > 1 such that (Kit k)a G Kk for 
all k>, 1. 
Proof: It is clear that (11.2) implies (11.4). 
Conversely, if (11.4) holds, then R is quasi-unmixed, by (8). Also, if there 
exist b,, b, ,..., b, and an integer i > 1 such that (K’+k), G Kk for all k > 1, 
then the proof of (11.3) + (11.1) shows that R is unmixed. Q.E.D. 
There are several interesting facts concerning <Z?(L, K) that should be 
noted, so, before proceeding to the characterization of Macaulay local 
domains in terms of quasi-unmixedness, we first prove these facts in the 
following remark. 
(13) Remark. (13.1) R is unmixed if and only if there exists a system of 
parameters b,, b, ,..., b, in R such that B = <??(I) n .2[ l/u] is a finite 
.R = .$(L, K)-algebra, and then, for all ideals K as in (3), F is a finite .R- 
algebra. 
(13.2) R is quasi-unmixed if and only if there exists a system of 
parameters b,, b, ,..., b, in R such that a = (7, where 9 = S(L, K), 
F==,&*)n.9[1/~], and .7 = 9 n S?[ l/u] with .Z’ the integral closure 
of .,H. If R is quasi-unmixed, then a = 7 for all ideals K as in (3). 
(13.3) Let b,, 6, ,..., 6, be a system of parameters in R and let 
.‘9 = .#(L, K). Then the following statements hold: 
(a) R is a Macaulay ring, if and only if u.‘% is primary if and only 
if K is primary. 
(b) R is quasi-unmixed if and only if (Us.%‘), is primary for all 
k >, 1 if and only if (Kk), is primary for all large k. 
(c) If R is not Macaulay, then .H= (M, U, tb, ,..., tb,,).9 is the only 
imbedded prime divisor of u.R if and only if Kk = (Kk), is P-primary for all 
large k, and then R is unmixed and fiL [K/A] is PL[K/A.]-primary for all 
i = I,..., n. 
Proof. (13.1) was proved in the proof of (11). 
(13.2) It is shown in [ 13, Lemma 5.15(3)] that a is the set of all elements 
x in the quotient field of .R that can be written in the form x = c/u” with 
c E ~~.lip,, n .S’ (since .P = (P, u).9 is the only height one prime divisor of 
u.W, by (10.1)). Also, it is readily checked that ,7 is the set of all elements x 
in the quotient field of .,Z that can be written in the form x = c/u” with 
c E ~~9’ f’ 9. Therefore, .W G a, by (10.2), since if x E c7, then x = c/u” 
with c E uk.!??’ n.8 E ukC9,pn 9, so x = c/u” E a. Also, if R is quasi- 
unmixed, then 9 is locally quasi-unmixed, by [ 12, Corollary 3.71, so 
.%‘(‘) G S’, by [ 13, Theorem 5.41; hence g G 7, and so a = (7. 
Conversely, assume that there exists a system of parameters b,, b, ,,.., b, in 
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R such that d =.9. Then ack) = ukd n.W is the height one primary 
component of ukS, by [ 13, Lemma 5.15(4)], and (uk.9), = ukc?‘n9, by 
[20, Lemma 4.11, so 24(k) = (~~9)~ for all k > 1. Therefore Pck) = U(~) f-l L, 
by (10.3), and (u”9), n L = (Kk)(l ( as is readily checked by considering 
equations of integral dependence), so P (k) = (Kk), for all k 2 1, and so R is 
quasi-unmixed, by (6.3) S- (6.1). 
(13.3)(a) K is primary if and only if K is prime, since KL, f7 L = 
PL, n L, by (2. l), so R is a Macaulay ring if and only if K is primary, by 
(4.3) =s- (4.1). Therfore, if u.R is primary, then K = u.W n L is primary, so R 
is a Macaulay ring. And, if R is a Macaulay ring, then f, ,..., f, are an L- 
sequence, by [2, Remark, pp. 203-2041, since P = (fi ,...,f,)L is a prime 
ideal by (4.1) ~j (4.2), so .R is locally Macaulay, by [ 10, Theorem 3.11. 
Therefore ~9 has no imbedded prime divisors, and so u.R is primary, by 
(10.1). 
(13.3)(b) R is quasi-unmixed if and only if (Kk& is primary for all large 
k, by (6.3) * (6.1) and [ 16, Theorem 2.51. Also, (~“9)~ n L = (Kk), for all 
k> 1, so if (u”,W), is primary for all large k, then (Kk)a is also primary. 
And, if Q is a prime divisor of (u”S?), for some m > 1, then Q n L is a 
prime divisor of (Kk), for all large k, by [ 18, Corollary 31. Therefore, if 
(Kk)a is primary for all large k, then (~~9’)~ is primary for all k > 1, by 
(10.1). 
(13.3)(c) If .H is the only imbedded prime divisor of ~9, then 
.Y = (P, u)JZ and .J are the only prime divisors of ~9, by (10.1). Therefore 
Kk = ~~9 n L is P-primary for all large k, by [S, Corollaries 13 and 171, 
SO, by (2.1), Pck) = Kk G (Kk), c (KkL,), n L = KkL, n L = Ptk) is P- 
primary. Conversely, if R is not Macaulay and Kk is P-primary for all large 
k, then u9 has an imbedded prime divisor Q (by (13.3)(a) and (lO.l)), and 
Q contains all homogeneous elements of positive degree, by [5, Corollaries 
13 and 17). Also, QnL I>P, by (lO.l), so Q=,,H (since depthP= 1). 
Now assume JY is the only imbedded prime divisor of u.9 and fix i. Let 
Ai = L[K/&] and let ,q = .a[ I/$], so 9;=Ai[tA, l/&l and u9j=JSy. 
Also, u%? is .P9-primary and .P,y = (P, J).U,’ = P,i”;: (since h E PA,), SO 
h.9; is PLY-primary, and sofi is PA,-primary. 
Finally, assume that Kk is primary for all large k and let z be a prime 
divisor of zero in Lo = L*(X, ,..., X,,). Then essentially as in the proof of 
(6.3) ti (6.1) (but using (5.1) in place of (5.2)) it follows that 
depth z = n + 1, so R is unmixed. Q.E.D. 
Concerning (13.3)(a) and (b), it can be shown that u.W is primary if and 
only if u9 is prime, and if R is quasi-unmixted, then (US?), is prime, but not 
conversely. 
We now proceed to a quasi-unmixedness characterization of Macaulay 
rings. To help shorten the proof of (16), we first give two corollaries of (2.2). 
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(14) COROLLARY. With the notation of (2), assume that A is locally 
quasi-unmixed and let C = A[b,/b,,..., b,/b,]. Then K, is a prime ideal of 
height h and is the kernel of the natural homomorphism from B onto C. 
Proof. K, is a prime ideal of height h, by (2.2), and it is clear that 
K E K* = Ker(B + C). Also, height K* = h, since KcK” and 
K” n A = (0), SO K, = K*. Q.E.D. 
(15) COROLLARY. Let A be a Noetherian domain that is locally quasi- 
unmixed, let Z = (c , ,..., c&4 be an ideal of height h > 1 in A, and let 
.i9 = <W(A, I) = A[u, tc, ,..., tc,] be the Rees ring of A wth respect to I. Let 
S = A [u, X, ,..., X,], where u, X, ,..., X,, are algebraically independent over A, 
and let H = (uX, - c, ,..., uX, - c,)S. Then H, is a prime ideal of height h 
and is the kernel of the natural homomorphism from S onto 9. 
Proof. A [u] is locally quasi-unmixed, since A is, and height 
04 c, ,.-*1 c,,) A[u] = h + 1, so the conclusion follows from (14), since t = l/u. 
Q.E.D. 
The next theorem gives a new characterization of Macaulay local domains 
in terms of quasi-unmixedness. For the statement of the theorem, recall that 
an ideal Z of height n in a Noetherian ring is said to be of the principal class 
in case Z can be generated by n elements. (Also, concerning the theorem, it 
should be noted that the condition for R to be Macaulay in (16) is a 
weakening of the condition “K is prime” in (4.3). For, if K is prime, then R 
is quasi-unmixed (since R is a Macaulay ring by (4.3) =S (4.1)) and K = K, .) 
(16) THEOREM. Let (R, M) be a local domain and let altitude 
R = n + 1 > 1. Then R is a Macaulay ring if and only if R is quasi-unmixed 
and there exists an integrally closed ideal of the principal class of height n in 
L = R(X, ,..., X,). 
Proof. If R is a Macaulay ring, then R is quasiunmixed, by [ 7, (34. lo)]. 
Also, if b,, b, ,..., b, is a system of parameters in R, then K is a prime ideal 
of height n in L that is generated by n elements, by (4.1) =S (4.2) (and (3)); 
so K is integrally closed and is of the principal class of height n. 
Conversely, assume R is quasi-unmixed and let Z = (g, ,..., g,)L be an 
integrally closed ideal of the principal class of height n in L. Then L is 
quasi-unmixed, by [ 12, Corollary 3.71, so each prime divisor of Z = I, has 
height n, by [ 19, Theorem 11, and so L/Z is a Macaulay local ring of altitude 
one. Let S = L[u, T, ,..., T,] (with u, T, ,..., T,, algebraically independent over 
L), let ,r?? = .R(L, Z) = L[u, tgl ,.,., tg,] be the Rees ring of L with respect to 
I, and let H = (UT, - g ,,..., UT, - g,)S, so H, = Ker(S + .n), by (15). 
Also, H c (H, u)S = (I, u)S 5 ((I, u)S), = (I,, u)S, since u is an indeter- 
minate and S is a polynomial ring over L, and (I,, u)S = (Z, u)S, since 
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I = Z,. Therefore H, c (1, u)S (since height (1, u)S = n + 1 > height H), and 
(1, u)S/H, = u.9, since I9 c ~5%‘. Therefore 9/u.%? = S/(Z, u)S = 
WOI T, Y---Y T,,], so .%?/u9 is a Macaulay ring, since L/I is (as noted 
above). Therefore L is a Macaulay ring, by [4, Theorem 4. I 11, and it is well 
known that this holds if and only if R is a Macaulay ring. Q.E.D. 
In the last paragraph of the proof of (16) note that if I is the ideal K of 
(3) for some system of parameters in R, then the proof can be considerably 
shortened. For, K, = K (by hypothesis) and K, is prime (by (2.2)), since R 
is quasi-unmixed), so R is a Macaulay ring, by (4.3) 3 (4.1). 
It should be noted that (4) makes rather weak use of [2, Remark, 
pp. 203-2041. That is, if P is any depth one prime ideal of the principal class 
in any local domain R, then R is a Macaulay ring, by [2, Remark, 
pp. 203-2041. (17) gives a result somewhat analogous to this in relation to 
(16). 
(17) COROLLARY. If (R, M) is a local domain that is quasi-unmixed and 
if there exists a depth one integrally closed ideal of the principal class in R, 
then R is a Macaulay ring. 
Proof: If I is a depth one integrally closed ideal of the principal class in 
R, then ZR(X,,...,X,J has the same properties. Also, height 
ZR(X, ,..., X,) = n, if altitude R = n + 1, so the conclusion follows from (16). 
Q.E.D. 
Near the beginning of this paper it was noted that if (R, M) is a quasi- 
unmixed local domain, then R need not be a Macaulay ring. Thus the 
hypothesis that there exists a depth one integrally closed ideal of the prin- 
cipal class in (16) is essential in showing that R is a Macaulay ring. (That is, 
it is not implied by quasi-unmixedness.) However, if altitude R = 2, then the 
hypothesis “R is quasi-unmixed” in (16) is not essential in showing that R is 
a Macaulay ring; that is, it is implied by the existence of an integrally closed 
ideal of the principal class of depth one in L. (For, if there exists an 
integrally closed nonzero principal ideal gL in L, then gL has no imbedded 
prime divisors, by [ 11, Lemma 41, so L is a Macaulay ring. Thus R is a 
Macaulay ring, and so R is quasi-unmixed.) Even so I think the quasi- 
unmixedness condition in (16) is essential when n + 1 > 2, but I have not 
been able to prove this. Thus, I do not know the answer to the following 
question: 
(18) Question. If (R, M) is a local domain such that altitude 
R = n + 1 > 3 and such that there exists a depth one integrally closed ideal 
of the principal cass in L = R(X, ,..., X,), then is R necessarily Macaulay? 
To show that the assumption of quasi-unmixedness is essential in 
(16) (and thus the answer to (18) is no), it suffices, of course, to find an 
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example of a local domain R that is not quasi-unmixed and for which there 
exists a depth one integrally closed ideal Z of the principal class in L (or 
even in R, by (17)). The difficulty here is that there are not many explicitly 
known local domains which are not quasi-unmixed, and I have not been able 
to find such an example using Nagata’s examples 17, Example 2, 
pp. 203-2051, or the less explicit (but more promising) example of Ogoma, 
[ 8 1. But at least the observations in the following remark should be noted. 
(19) Remark. Let (R, M) be an integrally closed local domain of altitude 
three. Then the following statements hold: 
(19.1) If R is not a Macaulay ring and there exists a system of 
parameters b,, b, , b, in M such that K = K,, then R is not quasi-unmixed, 
by (16). Therefore R provides another example (see [ 81) of the failure of the 
Chain Conjecture (one equivalence of which is: if the integral closure of a 
local domain R is quasi-local, then R is quasi-unmixed). 
(19.2) If R is as in (19.1) and R is catenary (for example, if R is a 
UFD), then R is an example of the failure of the Normal Chain Conjecture 
(the weakest of the catenary chain conjectures): if the integral closure of R is 
catenary, then R is quasi-unmixed. 
The final theorem gives one more characterization of Macaulay local 
domains. (20) shows that the quasi-unmixedness assumption in (16) is not 
essential, if we assume that all powers of K are integrally closed. 
(20) THEOREM. Let (R, M) be a local domain of altitude n + 1 > 1. 
Then R is a Macaulay ring if and only if there exists a system of parameters 
b,, , b, ,..., b, in R such that Kk = (Kk)a for all large k. 
Proof: If R is a Macaulay ring, then for all systems of parameters 
b,, b, ,..., b, in R, K is a prime ideal and Kk is K-primary for all k > 1, by 
(4.1) + (4.2), so Kk = KkL, n L = (Kk)a, by (2.2). 
Conversely, assume there exists a system of parameters b,, b, ,..., b, in R 
for which, Kk = (Kk), for all large k. Then Kk = (Kk), for all k > 1, by [ 16, 
Theorem 2.5 I. Let .5? = .9(L, K). Then u.P = (uz?),, by the proof of [ 21, 
Lemma 11 together with [20, Lemma 4.11; that is, if all powers of Z are 
integrally closed, then the proof of [21, Lemma l] shows that 
<Y?==.S”n.R[l/u], and (20, Lemma4.11 shows that u(,a’n.all/u]) is 
integrally closed. Therefore u,~Y? is .Y = (P, u).%primary, by (10.1) (and [ 11, 
Lemma 4]), and so R is a Macaulay ring, by (13.3)(a). Q.E.D. 
Concerning (20), it would, of course, be more closely related to (16) if the 
condition were: there exists a depth one ideal I of the principal class in L 
such that Zk = (Zk), for all large k. It can be shown that this condition does 
imply that R is unmixed, but I have not been able to show that it implies that 
R is a Macaulay ring. 
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